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Abstract 

Let {Xn,dn), n G N be a sequence of pseudo-metric spaces, p > I. For 
Q i x,y e Un&n^n, let {x,y) e E{{Xn)neN;p) ^ Y.n&f^dnix{n),y{n))P < +00. 

1 I For Borel reducibility between equivalence relations E{{Xn)nm',p), we show 

it is closely related to finitely Holder(a) embeddability between pseudo- 
metric spaces. 
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> 

^yQ I 1. Introduction 

(N ■ 

Q ■ A topological space is called a Polish space if it is homeomorphic to a 

(^ . separable complete metric space. Let X, Y be Polish spaces and E, F equiv- 

O I alence relations on X, Y respectively. A Borel reduction from £^ to F is a 
Borel function 6 : X -^ Y such that 



{x,y)EE ^^ {e{x),e{y))eF 



H \ for all X, ?/ G A. We say that E is Borel reducible to F, denoted E <b F, 

if there is a Borel reduction from E to F. If E <b F and F <b E, we say 
that E and F are Borel bireducible and denote E ~b F. We refer to [l| and 
|5| for background on Borel reducibility. 

It was proved by R. Dougherty and G. Hjorth jj] that, for p,q > 1, 



?p <B M.^'/i, ^^ p<q. 
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The equivalence relation M./ip was extended to so called ip-\ike equivalence re- 
lations in |3|. Let (X„, (i„), n G N be a sequence of pseudo-metric spaces, p > 

1. For x,y e Unen^n, ix,y) E E{{Xn)neN;p) ^ Y.nendnix{n),y{n))P < 
+00. 

A special case concerning separable Banach spaces was investigated in 
|2| . It was showed in |2| that Borel reducibility between this kind of equiv- 
alence relations is related to the existence of Holder(a) embeddings. In this 
paper, we introduce the notion of C-finitely Holder(Q;) embeddability, and 
generalize the connection between Borel reducibility and finitely Holder(Q;) 
embeddability to a rather general type of metric spaces. 

2. £p-like equivalence relations on pseudo-metric spaces 

Definition 2.1. Let (X„,(i„), n eN be a sequence of pseudo-metric spaces, 
p>l. We define an equivalence relation E{{Xn, dn)n£N', p) on rineN"^" ^H 

{x,y) E E{{Xn,dn)„m;p) -^^ ^dn{x{n),y{n))'^ < +00 

neN 

for x^y E HneN"^"- ^^ '-^^^ ^^ ^^ dp-like equivalence relation. 

If (X„, dn) = (X, d) for every n G N, we write E{{X, d);p) = -E((X„, dn)n€N; p) 
for the sake of brevity. If there is no danger of confusion, we simply write 
E{{Xn)nGmP) and E{X;p) instead oi E{{Xn,dn)nm',p) and E{{X,d)]p). 

Definition 2.2. If X is a Polish space, d is a Borel pseudo-metric on X, 
we say {X, d) is a Borel pseudo-metric space. 

Let (y^,, (5„), n G N be a sequence of pseudo-metric spaces, y* E HneN ^n- 
For g > 1, we denote by i'q((l^n)neN?y*) the pseudo-metric space whose un- 
derlying space is 



2/ e JJ y„ : ^ 5n{y{n),y*{n)y < +00 



neN ngP 

with the pseudo-metric 



^q{x,y) = ^Snix{n),y{n)Y 



\n& 



Theorem 2.3. Let (Y, S) be a Borel pseudo-metric space, Yq (1 Yi C Y2 (^ 
■■■a sequence of Borel subsets of Y , and let {Xn,dn),n E N be a sequence 
of Borel pseudo-metric spaces, p,q & [l,+oo). If there are A,C,D > 0, a 
sequence of Borel maps T„ : X„ -> iq{{Yn)nm,y*) for some y* G HneN^" 
and two sequences of non-negative real numbers en,rin,n G N such that 

(V EneN^n < +OO.E„eN^n < +'^' 

(2) dn{u,v) < e„ ^ 6q(Tn{u),Tn{v)) < 1]^; 

(3) dn{u,v) >C^ 6q{TM.Tn{v)) > D; 

(4) en<dn{u,v)<C^A-^dn{u,v)i < Sg(Tn{u),Tn{v)) < Adn{u,v)i . 

Then we have 

E{{Xn)nemp) <B -E((F„)„gN;g)- 

Proof. Fix a bijection (■, ■) : N^ — ?> N such that m < {n,m) for each 
n, -m G N. Note that Tn{u){m) G Ym C Y(^n,m) for every u G X„. We define 

9{x){{n,m)) = T„(x(n))(m) 

for X G rineN "^" ^^^ n,m E N. It is easy to see that 6 is Borel. By the 
definition we have 

J:n,mmmmn,m)),eiy)i{n,m)))'' 
= T.nmT.meN^iTn{x{n)){m),Tn{y{n)){m))i 
= J2neN ^giTn{x{n)), Tn{y {n)))i . 

For x,y E HneN -^n, we split N into three sets 

Ii = {nen : dnix{n),y{n)) < e„}, 

h = {n e N : dn{x{n),y{n)) > C}, 
Jg = {n G N : £„ < dn{x{n),y{n)) < C}. 
From (2) we have 

J2dn{x{n),y{n)Y< ^£^<^4<+oo, 

ng/i nG/i ngN 

raG/l nS/i ngN 



denote I/2I the cardinal of I2, from (3) we have 

J2dn{x{n),y{n)r>C^\l2\, 

n£l2 

ne/2 
and from (4) we have 

Therefore, 

{X,y) e E{{Xn)n€N;p) 

^^ EneN dn{x{n),y{n))P < +00 

^^ \h\ < 00, Y.nehdn{x{n),y{n)y < +00 

^^ \h\ < 00, T.^(,i.^ Sq{Tn{x{n)),Tn{y{n))Y < +00 

^^ E„6N ^qiTn{xln)),Tn{y{n))Y < +00 

^^ En,.^mm^){{n,m)),e{y){{n,m))Y < +00 

^^ (^(x),^(i/))ei?((n)fceN;g). 

It follows that E{{Xn)neN;p) <b E{{Yn)neN; q)- □ 

Corollary 2.4. // all (X„,(i„) 's are separable, then the sequence rin,n E N 
and clause (2) in Theorem \2.3\ can be omitted. 

Proof. By Zorn's lemma, we can find a set Sn ^ X„ for each n such that 
(i) Vr, s e Sn{r 7^ s -)■ dn{r, s) > En); 

(ii) Vm G X„3s G Sn{dn{u, S) < 6n). 

Since X„ is separable, 5^ is countable. So we can enumerate Sn by (s^)mGN- 
Define T^ : X„ -)■ iq{{Yn}nm,y*) by T;1(m) = rn(C(«)) where m{u) is the 
least m such that (in(M, s^) < ^n- I^ is easy to see that each T^ is Borel. 
Without loss of generality, we may assume that Se^ < C. Now denote 

4 = 3en, v'n = M^^n)^ and A' = 3? A, C = C-2e„, D' = min (d, A"^ (f ) ' }• 
We check that e'^^, r]'^, A' , C and D' meet clauses (l)-(4) in Theorem 12.31 as 
follows: 

(1) Eneni^nr = ^'Enen^l < +00, EneN^)'' = ^'A^Znen^l < +00. 



(2) If dn{u,v) < <, then dnis^^^^^, s^^^^) < 5£„ < C. Note that s^^^^ = 
^m(v) o^ '^«('^m(«)' ^m(v)) ^ ^"- So by clause (4) in Theorem EJl we have 

P 

(3) If 4(m,^) > C, then 4(Cm'Cm) > C* - 4£„ > £„. For £„ < 



^n(CM'C{.)) <C', we have 






p 



And for rf„(s;;^(„), s;^(^)) > C, we have 

5,(T^H,T^(t;)) = 5,(r„(s:^(„)),r„(C(.))) > /^ > /^'. 
(4) If e'„^ < dn{u, v) < C", then e„ < t/n(C(n)' «m{«)) < '^ and 

-o?„(m, v) < dn(u, v) - 2£„ < rf„(s^(„), s^(^)) < c?„(m, f ) + 2e„ < 3(i„(w, w). 
Since 



E 
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it follows that 

(A')-M„(n,t;)f < 5,(T^(M),T^(t;)) < A'rf„(n,t;)f. 

D 

3. On separable pseudo-metric spaces 

For the rest of this paper, we focus on such E{{Xn,dn)neN'iP) that all 
(X„,(i„)'s are separable Borel pseudo-metric spaces. 

Let Sn = {s'm '■ rn E N} he a. countable dense subset of X„. We may 
assume that dn{s^,s^) > for m 7^ fc, i.e. (S'„,(i„) is a countable met- 
ric space. For u G X„, let mn{u) = min{m : dn{u,s^) < 2~"} and {} : 
rineN^" -^ n„eN^n ^s i9{x){n) = s^^^^^^y Since E„eNC^n(a;(n),^(x)(n))P < 



XlneN 2 "^ < +00, we have {x,{}{x)) G E{{Xn)nen',p)- Thus -i? is a Borel le- 
dnctioiaoiE(XXn)nef>i;p)toE{{Sn)nef>i;p)- So ^((X„)_^Nj_p) ~b E{{Sn)neN]p)- 
Now let {Sn, dn) be the completion of (S'„, (i„). Since (S'„, (i„) is a Pohsh space, 
by the same arguments, we have 

E{{Sn)nefhP) ~B E{{Sn)nm',P) ~B -E((X„)„gN; P)- 

Therefore, from now on, we may assume that all (X„, (i„)'s are separable 
complete metric space. 

Definition 3.1. Let (X, rf) he a separable complete metric space, {Fn)n&i 0, 
sequence of finite subsets of X . //-Fq C Fi C ■ ■ ■ C F„ C ■ ■ ■ and IJ^gpj-F^ is 
dense in X , then we denote 

F(X;p) = E((F„)„6n;p). 

The following lemma shows that, under Borel bireducibility, F{X;p) is 
independent to the choice of {Fn)nm- 

Lemma 3.2. Let {X, d) be a separable complete metric space, and let (F„)„gN 

and (-F^)„eN be two sequences of finite subsets of X satisfying that 

Fo C Fi C . . . C F„ C . . . , F^ C F; C . . . C F^ C . . . , 
and both |J„gpj -F„ ond IJ^gpj F^ are dense in X . Then for each p > Iwe have 

F((F„)„eN;p)~B^(raneN;p). 

Proof. It will suffice to show that F((F„)„gN;p) <b -^((-^n)neN;p)- For 
k eN, let 7fe = m.m{d{u, v) : u,v E Fk,u j^ v}. Note that IJneN ^n i^ dense in 
X. For u G Ffc, we can find a Tfc(-u) G IJneN -^n ^'^'^^ ^bat d{u,Tk{u)) < 7a:/4. 
Then for distinct u,v E Fj. we have 

1 

-d{u,v) < d{u,v) -7fc/2 < d(Tk{u),Tk{v)) < d{u,v) +7^/2 < 2d{u,v). 

Since F^ is finite, there is nfc such that Tk{u) G F^^ for each u E Fk- We may 
assume that {nk)ken is strictly increasing. Fix a point mq ^ -^0 ^ -^,^- We 
define 9 : n„gN K ^ HneN ^n by 

e(x)(n) = I ^^•(^(^))' ^ = ^^ 

[ Mo, otherwise. 
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Then for x,y E Ylnen -^" ^^ ^^^^ 

fcgN ngN fcGN 

It follows that 6^ is a Borel reduction of E{{Fn)nefi'^'P) to E{{F^)neN',p)- CH 

Remark 3.3. We can see that E{X;p) ~b F{X;p) when X is compact. 
But whether it is always true for every separable complete metric space? We 
do not know the answer. 

Definition 3.4. For two metric spaces {X,d), {X',d') and a > 0. We say 
that X Hdlder{a) embeds into X' if there exist A > and T : X ^ X' such 
that, for u,v E F, 

A~^d{u,v)'' < d'{T{u),T{v)) < Ad{u,v)''. 

Theorem 12.31 gives the following result. 

Remark 3.5. Let X, Y be two separable complete metric spaces, p,q E [1, +cxd). 
IfX Holder^-) embeds into iq(Y, y*) for some y* E Y^ , then we have E{X; p) <b 
E{Y-q). 

In next section, we present a necessary condition of E{X;p) <b E(Y; q) 
which will be named finitely Holder (-) embeddability. 

4. Finitely H61der(Q;) embeddability 

A weak version of the following lemma is due to R. Dougherty and G. 
Hjorth [^. For self-contain reason, we present a proof for it. 

Lemma 4.1. Let (y„,(5„),n E'H be a a sequence of separable complete met- 
ric space, p,q E [l,+oo), and let {Zn,dn),n E N be a sequence of finite 
metric spaces. Assume that E{{Zn)n£N',p) <_b E{(Yn)n^fq;q). Then there ex- 
ist strictly increasing sequences of natural numbers (fe^OjeN? i^j)jen o-nd Tj : 
^b, -^ Iln=i^ ^n such that, for x,y E HjeN^bj' ^^ ^«^^ 

ix,y)EEiiZ,^,d,^),^n;p) ^^ 5^5,(T,(x(j)), r,(|/(j))r < +oo, 
where 6g{r, s) = (Eni^^ ^n(r(n), s(n))«)i for r, s E Un=L^ ^n- 



Proof. The proof is modified from the proof of [J] Theorem 2.2, Claim 
(i)-(iii). 

Denote Z = Ylnm ^"- Assume that 6' is a Borel reduction of E{{Zn)nmi p) 
to E{{Yn)nmi q)- For each finite sequence t we denote l{t) the length of t; if 
i e Ui<iit) Zi, let Nt = {zeZ: z{t) = t{t) (t < /(t))}. 

Claim (i). For j, k e N, there exist / G N and s* G U.'i=k'*^"^ Z, and a 
comeager set D C Z such that, for all x,x E D, if we have x = rs*y and 
X = fs*y for some r, f G ni<fc ^i and y G ni>fc+«(s-) ^i' ^^^^^ 

J2SrMx){n),9ix)in)y<2-^. 

n>l 

Proof. For / G N, we define a function F^ : Z — t- R by 

Fi(a;) =mii^\'Y^5n{e{z){n),e{z){n)Y : z{i) = z{i) = x{i){i> k) 

I n>l 

For each x, there are only finitely many pairs 2, z satisfying z{i) = z{i) = 
x{i) {i > k). For each such pair we have (2;, i) G ii^((Z„)„gN;p), so (6'(2;), 6'(z)) G 
E((FOneN;g). Thus \iuii^^Y.n>i^n{e{z){n),e{z){n)Y = 0. Hence Fi{x) < 
+00 for all / and Wthi^oo Fi{x) = 0. Therefore, by the Baire category theo- 
rem, there exists an / such that {x : Fi{x) < 2^^} is not meager. By F is 
Borel, this set has the property of Baire, so there is an open set O 7^ on 
which it is relatively comeager. 

Find an A'^i C O for some finite sequence t with l{t) > k. Let t = r*s* 
where /(r*) = k. Since Fi{x) does not depend on the first k coordinates 
of X, we have {x : Fi{x) < 2^^} is also relatively comeager in A^^^. for all 
r G Yli^^Zi. Let D be a comeager set such that Fi{x) < 2^^ whenever 
a; G -D n Nrs* for any r of length k. Now the conclusion of the claim follows 
from the definition of Fi. Claim (i) D 

By [g] Theorem (5.38), there is a dense Gs set C C Z such that 6 \ C is 
continuous. 

Claim (ii). For j, fc, / G N, there exists a finite sequence s** G !!«=/£ ^i 

such that, for all x,x E C, if we have x = rs**y and x = rs**y for some 
^ e ]\i<k Zi and y, y G ]\i>k+i(s'') Zu then 



Y,5n{e{x){n),e{x){n)Y<2- 



n<l 



Furthermore, if G is a given dense open subset of Z, then s** can be 
chosen such that N^s** C G for all r G ni<fc -^«- 

Proof. Since ni<A; -^« ^^ ^ finite set, we may enumerate its elements as 
ro, ri, ■ ■ ■ , tm-i- We construct finite sequences to,ti, ■ ■ ■ ,tM as follows. 

Let to = 0. Suppose that m < M and we have constructed a finite se- 
quence tm e ni=fc "" ^*- "^^^ basic open set Nr^t^^ must meet the comeager 
set C, so we can pick a w G C fl N^-^tm- Since ^ is continuous on C and 5„ 
is continuous on y„^, we can find a neighborhood O of w such that, for all 
x,x G CnO, E„</^n(^(a:)(n),^(x)(n))'? < 2-^'. Find an iV,„,j^ C iV^^^^nO, 
then tm C t^. Since G is open dense, we can further extend t^ to get t^+i 
such that Nr^tm+i — ^- Once the sequences tm {jn < M) are constructed, 
s** = Im fulfills the requirements. Claim (ii) D 

We now repeatedly apply Claims (i) and (ii) to define natural numbers 
ho < hi < h2 < ■ ■ ■ and Zq < ^i < ^2 < ■ ■ ■, finite sequences (sj)jgN and dense 
open sets Dl C Z {i,j G N) as follows. 

Let 60 = ^0 = 0. Suppose we have constructed hj,lj,Dl (j' < j). 
Applying Claim (i) for this j with k = hj + 1, we get Ij+i, a finite se- 
quence s* and a comeager set D^ satisfying the conclusion of Claim (i). Let 
Di^ D{^ Di^ ■■■he dense open sets of Z such that fJieN ^i ^ ^^ ^ C. 
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Now apply Claim (ii) for j with k = hj + 1 + /(s*), / = /j+i and G = flj'o- -^j 
to get s**. We set Sj = s*s** and hj+i = hj + l{sj) + 1. 
Denote Z' = Yljm -^fcj ^-^d define h : Z' ^ Z hj 

h{x) = {x{0))so{x{l))si{x{2))s2^ ■ ■ . 

Since Sj = s*s**, h{x) has the form rs*y where /(r) = hj + 1, and also has 
the form rs**y where /(r) = hj +l{s*) + 1. Therefore, Claim (ii) for s** gives 

h{x) G G = f].,^.D-j . Hence, for any j, we have h{x) G Dj for i > j, so 
h{x) G -D"' n C. Therefore, Claims (i) and (ii) imply that, for any x,x & Z': 

(1) iixik) = x{h) {i > j), then E„>,,+, 5n{e{h{xmn),9{h{x)){n))' < 2-^; 

(2) iixik) = x{k) {t < j), then Zn<i,+, Sn{e{h{x)){n),e{h{x)){n)y < 2'K 

Fix a point Uq E Zq C Zi,^. For j G N we define Tj : Z5, — )■ Hn^r ^n t)y 
T,-(w) = 9{h{{uo,^ ■ ■ ,uo,w,uo,uo,^ ■ ■))) \ [lj,lj+i) 
with j Mo's before f . Let 6' : Z ^ Y\neH ^"' 

^'(x)=To(x(0))Ti(x(l))T2(x(2))---. 



Next claim shows that 6' is a Borel reduction oi E{{Zb., rf^ )jeN;p) to E{(Yn)neN] l)- 
Claim (iii). For all x, x G rijeN-^fej' ^^ have 

{x,x) e E{{Zb^,db^)j(zf>i;p) ^=^ {9'{x),9'{x)) G E{{Yn)neN;q)- 

Proof. Note that 



{x,x) G E{{Zbj,db.)jm;p) 



{h{x),h{x)) G E((2'„,(i„)„gN;p) 



It will suffice to show that {6{h{x)), ^'i^)) ^ E{(Yn)n£N] q) for any a; G Z'. 
For any x G Z' and j G N, define ej{x), e'j{x) G Z' by 



x{i), i<j 

Mo, ^ > j- 



By (1) for j — 1 and (2), we have 

J2Sn{e{h{e,{xmn),e{h{e'^{xmn)r < 2'^^-'^ 



n>L 



J2 Sn{9{h{x)){n),9{h{e'^{xmn)r < 2'^. 



n<l 



3 + 1 



Thus we have 



Et\;'Snieihix))in),eihie,ixmn)y 

< E^''M0{h{x)){n),e{h{e'^{x))){n))+6Mh{e,{^^^^^^ 

< 2"^^ \EtVSrMKx))in),9ih{e'Ax)mn))'^ 



\ii+-i — 1 



< 2"^^ 



+ Er=rSn{e{h{e,{xmn),e{h{e'^{xmn)y 

En<i,,,Udih{x)){n),e{h{e'^{x))){n)y 

+ En>L^n{0{h{e,{xmn),e{h{e'^{xmn))'^' 



< 2''-i-3-2-^'. 

We can see that 9'{x) \ [lj,lj+i) = Tj{x{j)) = 6{h{ej{x))) \ [Ijjjj^i) for each 
j G N. Therefore, 

EneNUOih{x)){n),e'{x){n)y 
= E,ef^Et];'Sn{e{h{x)){n),e'{x){n))'^ 
= Y.,mY!:X];'5n{e{h{x)){n),e{h{e,{xmn)Y 
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as desired. Claim (iii) D 

Note that 

{e\x),9\x)) e E{{Y,Xm;q) ^^ Y.,mT!::=\;' 5n{9\x){n),9\x){n)Y < +00 

^^ j:j^nMT,ixij))^TMj))r < +00. 

This completes the proof. D 

Let (X, d) be a metric space and C > 0. We consider the following 
condition: 

(link(C)) For e > 0, there exists N > 1 such that, for any u,v & X with 
d{u, v) < C , we can find ri G X, i = 0, 1, ■ ■ ■ , A^ with vq = u,riy = v and 
d{ri_i,ri) < e for each i>l. 

Let (X, d) and (1^, (5^), n G N be separable complete metric spaces, p, g G 
[l,+oo). Assume that 

(Al) X satisfies (link(C)) for some C > 0; and 
(A2) F(X;p)<B^((F„)„eN;g). 

Fix a sequence of finite subsets F„ C X, n G N such that 

Fo C Fi C . . . C F„ C . . . 

and UnGN -^n ^^ dense in X. 

Since (link(C)) holds, for / G N, there exists N{1) > 1 such that, for 
any u,v E X with d{u, v) < C, we can find r'(u, 1;) G X, z = 0, 1, ■ ■ ■ , N{1) 
with rQ(u,f) = u,r'-j^,iJu,v) = v and d{r\_^{u,v)^r\{u,v)) < 2~' for i = 
1,---,X(/). We denote 

Zn = {rl{u, v) : u,v e Fn, d{u, v) < C, I < n,i = 0,1,- ■■ , N{1)}. 

Note that E{{Zn);p) r^B F{X]p) <b E{{Y„)„^f^;q). Since Z„ C X is a 
sequence of finite metric spaces, we can find (&j)jgN, (^i)ieN and Tj : Z^. — )■ 
riniz y„ as in Lemma [4.11 Then we have the following lemmas. 

Lemma 4.2. For any C > 0, there exists a D > such that, for sufficiently 
large j andu,v G F^., ifd{u,v) > C , then 6g(Tj{u),Tj{v)) > D. 

Proof. Assume for contradiction that, there exists a strictly increasing 
sequence of natural numbers {jk)ke'N such that there are Uk,Vk G Ff,^ with 
d{uk,Vk) > C and 5q{Tj^{uk),Tj^{vk)) < 2'^. 
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Now we select x,y E Yljen^bj such that 



xij) =Uk,yiJ) = Vk, j=jk, 
x{j) = y{j), otherwise. 



Then we have 



J2d{xu),yu)r = Y.'^iuk.vkY > J2(cr = +00, 

jeN keN keN 

so {x,y) ^ E{{Zh)jeN'iP)- On the other hand, we have 

J2jeNSqiTj{x{j)),Tj{y{j)))'^ = J2ken^iiTj,{uk),Tj^ivk))'' 

< +00, 
contradicting Lemma [4.11 D 

Lemma 4.3. There exists an m eN such that \/k3N\/j > N, for u,v G Ff,., 
if k^^ ^ d{u,v) < C, then we have 

2-"'d{u,v)-^ < 6g{Tj{u),Tj{v)) < 2™d(u,t;)?. 

Proof. Assume for contradiction that, for every m, ^km^'^j^Uj, Vj G Fi,^ 
such that fc"^ < d{uj,Vj) < C but either 



or 



We define two subsets /i,/2 C N. For m G N, we put m G /i iff 
3km'^°°i3uj,Vj G Ffj. satisfying that k^ < d{uj,Vj) < C and 

2-™rf(«„t;,)f >5,(T,(«,),T,(t;,)); 

and m G /2 iff 3A;m3°^j3'Uj,t>j G F},. satisfying that k:^ < d{uj,Vj) < C and 

5,{T^{u,),T,{v,))>2^d{u,,v,f^. 

From the assumption, we can see that Ji U /2 = N. Now we consider the 
following two cases. 

Case 1. |/i| = oo. Select a finite set J™ C M for every ni E h and 
Uj,Vj G Ffjj for j G J™ satisfying that 
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(i) for j e J'", we have 2-'^d{uj,Vj)^ > 5g{Tj{uj),Tj{vj)); 

(iii) if mi < m2, then max J™^ < inin J"^^. 
Now we select x,y E YljeN ■^^j ^^'^^ that 



x{i) = Uj, y{]) = Vj, J e J'^,me h 
x{j) = y{j), otherwise. 



Then we have 



so {x,y) ^ E{{Zh)j,^f>i;p). On the other hand, we have 

< +00, 

contradicting Lemma [4.11 

Case 2. IJ2I = 00. We can find a strictly increasing sequence of natural 
numbers m/ G /2, / G N such that mi > ^ and 2'"' > A^(/) for each /. 

We define two subsets Li,L2 C N. For / G N, we put / G Li iff 
3°°j3uj,Vj G Fh^ satisfying that k^^ < d{uj,Vj) < (v^)~' and 

and / G L2 iff 3°°j3uj,Vj G Fb- satisfying that (a/2)~' < d{uj,Vj) < C and 

6,{T,{u,),Tj{v,))>2^^d{u„v,)l 

Since each m,i E I2, we have Li U L2 = N. We consider two subcases. 
Subcase 2.1. \Li\ = 00. Select a finite set i^( C N for every / G Li and 
Uj,Vj G Fh. for j G K[ satisfying that 



(i) for j G K{, we have Sg{Tj{uj),Tj{vj)) > 2™'rf( 
(ii) (v^)-^' < E,,i.J rfK-,^^,)^ < 2(72)-^'; 
(iii) if /i < I2, then maxi^j^ < minii'j^ 



Uj.Vj)"; 
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Now we select x,y E Y\j^^Zi,. such that 



x{,j) = Uj, y{j) = Vj, j eK[,l e Li, 
x{j) = y{j), otherwise. 



Then we have 



J2di<j)^y(j)y = E E ^K>^.r < 2^(v^)-^' < +00, 

so {x,y) E E{{Zbj)jeN',p)- On the other hand, since m/ > |-, we have 

= +00, 

contradicting Lemma [4.11 

Subcase 2.2 IL2I = 00. Select a finite set K2 (^ N for each / G L2 and 
Uj,Vj G Ff,. for j G K2 satisfying that 

(i) for j E K\, we have {V^Y^ < d{uj,Vj) < C and 6q(Tj{uj),Tj{vj)) > 

(ii) CP<Z,eKid{u,,v,y<2CP; 

(iii) if /i < /2; then maxi^g^ < mini^2^5 
(iv) for j E K2, we have I < bj. 

For Z G Li and j G -ftr2) since d{uj,Vj) < C and I < bj, by the definition 
of Zfc, we have 

rliuj,v,)EZ,^ (z = 0,l,---,iV(/)). 

Since rQ('Uj,fj) = Uj,r^^n^{uj,Vj) = Vj, the triangle inequality gives 
E '^9 (^J' (^^- 1 ("i ' ^J' ) ) ' ^i ^^i ^^3 ' ^i ) ) ) ^ ^g (^i ("i ) ' Tj {vj ) ) , 

l<i<N{l) 

thus there is an i{j) such that 
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Now denote r^ = rl^j)_^{uj, Vj), Sj = r\^.~^{uj,Vj). We select x, y G HjeN ^b 
such that 

^U) = rj, y{j) = Sj, 3 eK\,l> 1, 
x(j) = y(j), otherwise. 

Note that d{rj,Sj) < 2^' < {\/2)^'-d{uj,Vj), we have 

< +00, 

so {x,y) G E{{Zbj)j^f>i,p). On the other hand, since 2"^' > A^(/) we have 



>EieL,J:,enN{l)-%{T,{u,),T,{v,)y 



= +00, 

contradicting Lemma 14.11 again! D 

Definition 4.4. For two metric spaces {X,d),{X',d') and C,a > 0. We 

say that X can C -finitely Hdlder{a) embed into X' if there exists A,D > 
such that for every finite subset F C X , there is Tp '■ F ^^ X' satisfying, for 
u,v e F, 

(1) d{u,v) >C ^ d'{TF{u),TF{v)) > D; 

(2) d{u, v) <C ^ A-^d{u, vy < d\TF{u),TF{v)) < Ad{u, vY . 

While a = 1, we also say that X can C -finitely Lipschitz embed into X' . 

Theorem 4.5. Let (X, d) and (y„,5n), n G N &e separable complete met- 
ric spaces, p,q E [l,+oo). If X satisfies (hnk(C)) for some C > 0, and 
F{X;p) <B E{{Yn)nm,<i), then X can C -finitely Holder^-) embed into ig{(Yn)neN,y* 
for any y* G HneN^™- 

Proof. Fix a sequence of finite subsets F„ C X, n G N such that 

Fo C Fi C . . . C F„ C . . . 
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and UngN-^n is dense in X. Let (6j)jgN, (^jOjgn and Tj : Ff,^ -> Yl^t]^ Y^ be 
from the remarks before Lemma 1^^ For convenience, we identify (nn=r ^n, Sq) 
with a subspace of £g((F„)„gN, y*)- Then Tj becomes a map F^^. — )■ £g((F„)„gN, Z/*)- 

Let us consider an arbitrary finite subset F C X. We can find A; G N 
such that 

(a) k~^ < d{u, v) for any distinct u,v & F; 

(b) d{u, v) <C — k~^ for any u,v E F with (i(-u, v) < C . 

For every u E F, since UjeN-^^j ^^ dense in X, there exists an R{u) G 
UjeN-^f'j such that d{u,R{u)) < (4A;)~^ Then for any distinct u,v E F, we 
have 

d{R{u),R{v)) < d{u,v) + (2A;)"^ < 2d{u,v), 

and 

d{R{u),R{v)) > d{u,v) - {2k)-^ > -d{u,v). 

From Lemmas 14.21 and 14.31 there exist D > 0,m E N and a sufficiently 
large i such that R{u) E Fj,^ for every u E F, and for r,s E Ff,., 

(i) d{r, s)>C- {2k)-' => 6q{T,{r), T,{s)) > D; 
(ii) (2A;)-i < d{r,s) <C ^ 2~"'d{r,s)^ < 6g{Ti{r),Ti{s)) < 2'"t/(r,s)?. 

We define Tp : F ^ igi{Yn)nen,y*) by Tpiu) = Ti{R{u)) for ueF. 
For any u,v E F with (i(M,v) > C, we have d{R{u),R{v)) > C - {2ky'. 
Then 

5,(T^(n),T^(i;)) = 5, (T, (/?(«) ),T,(i?(i;))) > D. 

For any distinct u,v E F with (i(-u, f ) < C, we have fc~^ < d{u, v) < 
C-k-\ So (2A;)-i < (/(/?(«), i?(t;)) < C - {2k)-' < C. Then 

5,(Tf (n),Tf H) = 6q{T,{R{u)),T,{R{v))) 
<2"'d{R{u),R{v))-^ 
<2"'^U{u,v)-^, 

and 

6giTp{u),TF{u)) = 5giT,{R{u)),X,{R{v))) 

>2-"'d{R{u),R{v))^ 
>2-('"+f)rf(M,t;)f. 

I p 

Thus y4 = 2™ ^ and D witness that X can C-finitely Holder(2) embed into 

igiiY^)nm,y*)- ' □ 
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Theorem 4.6. Let {X,d),{Y,S) be two separable complete metric spaces, 
p,q & [1, +C)o), and let Yq CYi CY2 C ■ ■ ■ be a sequence of Borel subsets of 
Y with UneN^n dense in Y . If X satisfies (link(C)) for some C > 0, then 
the following conditions are equivalent: 



(a) X can C-finitely Holder^-) embed into i'g((l^„)neN; 2/*) for some y* G 

(b) F{X;p)<BE{{Y^)^^n;q)- 

(c) F{X-p)<BF{Y-q). 

Proof. Let Fq C Fi C F2 C ■ ■ ■ be a sequence of finite subsets of X with 
|J„gN ^n dense in X. 

(a)^(b). Since X can C-finitely Holder(-) embed into £g((y„)„gN,l/*), 
we can find A, D > 0, T„ : F„ — )■ (iq{{Yn)nimi U*) such that, for u,v E Fn, 

(1) d{u,v)>C^6,{TM,Tn{v))>D; 

(2) d{u,v) <C ^A-^d{u,v)^ < 5q{Tn{u),Tn{y)) <Ad{u,vf^. 

Then F{X;p) r^B E{{Fn)nm',P) <b E{(Yn)neN; q) follows from Theorem O 
(b)=^(a) follows from Theorem 14.51 

(b)^(c). Let (6j)jgN, (/j)igN and Tj : F^^ -)■ Y[n=ij ^n be from the 
remarks before Lemma W?2\ Since every Fi,. is finite, we can find finite subsets 

Un ^ Yn for Ij < n < /j+i such that Tj{u) G Hni/ ^n for each u G Fb^. 
We can extend every [/„ to a finite subset Wn C Y such that f/„ C Wn, 
WoCWiCW2^--- and [j^^^ Wn is dense in Y. 

From Lemma 14.21 with C = C and Lemma 14.31 with A; = 2' , we can find 
-D > 0, m G N and a strictly increasing sequence of natural numbers (j/)igN 

such that, for r,s E F/ = Fi,- , we have 

(i) d{r,s)>C ^5,{T,Xr),T,Xs))>D- 
(ii) 2"' < d(r,s) < C ^ 2-"d(r,s)? < 5,(T,-Xr),T,- (s)) < 2"^d(r,s)^. 

Then Corollary 12.41 gives 

F{X-p) r^B F((F/),eN;p) <B E{{Wn)nen;q) ~b F(l^;g). 

(c)^(b). Find a sequence of finite subsets Ki C F„, n G N such that 
Vo C \4 C V2 C ■ ■ ■ and IJneN ^ ^^ dense in Y. Then we have F{X]p) <b 
F{Y- q) r^B ^((V;)neN; q) <b Ei{Yn)n^^; q). U 
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Corollary 4.7. Let X, Y be two separable complete metric spaces, p,q & 
[l,+oo). If X satisfies (link(C)) for some C > 0, then the following condi- 
tions are equivalent: 

(a) X can C-finitely Hdlder{-) embed into ig{Y,y*) for some y* G Y'^. 

(b) F{X;p)<BE{Y;q). 

(c) F{X;p)<BF{Y;q). 
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